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This set of notes was used for a talk I gave for the RTG seminar on Euler systems at the University
of Michigan, Fall 2024. The reference I used were Washington’s Introduction to Cyclotomic Fields
(Chapter 15) and Rubin’s Euler Systems (Chapter 4).

Notations.

Fix a rational prime p and a finite extension Φ/Qp with ring of integers O. This Φ and O will be
our “coefficient field/ring”. For simplicity, just think of Φ = Qp and O = Zp.

Let K be a field of characteristic 0. Let GK = Gal(K̄/K). Let T be a free O-module that is a
p-adic representation of GK . Fix M to be a large power of p and let WM = T/MT . In practice, if
T = Zp(1), then Wpm ≃ µpm the pm-th roots of unity; if T = Tp(E) the p-adic Tate of module of
an elliptic curve E, then Wpm ≃ E[pm] are the pm-torsion points.

Basic definitions.

Let K∞/K be a fixed Zd
p-extension. This will serve as our ambient field. For each finite extension

K ⊂f F ⊂ K∞, let RF be the set of squarefree products of so-called Kolyvagin primes (rational
primes satisfying certain properties). A Kolyvagin system for T is a family of classes

{

κF,r ∈ H1(F,WM ) | K ⊂f F ⊂ K∞, r ∈ RF

}

satisfying two axioms:

(i) (unramified away from pr) for every place w ∤ pr of F where T is unramified, the localization
lies in the the finite part of H1, i.e.

locw(κF,r) ∈ H1
f (Fw,WM );

equivalently, κF,r ∈ SΣ(F,WM ), where Σ ⊃ {p, r};

(ii) (finite-to-singular transition at a new prime ℓ) for every Kolyvagin prime ℓ ∤ pr, the so-called
finite-to-singular comparison map

φfs
ℓ : H1

f (Fℓ,WM )
≃
−→ H1

s (Fℓ,WM )

sends locℓ(κF,r) to locℓ(κF,ℓr) in H1
s (Fℓ,WM ).

That is, a Kolyvagin system is just a compatible family of global classes that are unramified at all
places away from p and level r, and whose behavior at a newly added prime ℓ is controlled by the the
finite-to-singular comparison map. (In Rubin’s book, he showed that the derivative classes attached
to an Euler system satisfy precisely these conditions.) We will see how, by carefully choosing these
primes ℓ, Kolyvagin system can be used to bound the size of class groups. The comparison map
should be thought of as a systematic way of achieving this goal.
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Kolyvagin primes RF .

Let ℓ be a rational prime and assume that T is unramified at ℓ. Consider the Cartier dual T ∗ =
Hom(T,Zp(1)) of T , which is a Gk-module via

g · ϕ(t) = χ(g)ϕ(g−1t)

In particular, the action of the arithmetic Frobenius Fr−1
ℓ on T ∗ has characteristic polynomial

Pℓ(x) = det
(

1− Fr−1
ℓ x | T ∗

)

.

(Note: Rubin uses pA(x) = det(I −Ax) instead of p#A(x) = det(xI −A) for the characteristic

polynomial. The two conventions are related by pA(x) = (−x)np#A(1/x) in dimension n.)

A rational prime ℓ is a Kolyvagin prime if the following conditions are met:

(i) T is unramified at ℓ and ℓ ≡ 1 mod M

(ii) ℓ splits completely in F (µp∞)/K, i.e., Frℓ acts trivially on µp∞ ;

(iii) Pℓ(1) ≡ 0 mod M .

Why these conditions? Recall that we have identifications (using inflation-deflation)

H1
f (Fλ,WM ) ≃ WM/(Frℓ − 1)WM and H1

s (Fλ,WM ) ≃ WFrℓ=1
M .

Conditions (ii) and (iii) guarantees that both the Frobenius coinvariant (WM )Frℓ and the invariant

WFrℓ
M are in fact canonically isomorphic to WM itself. One can think of (ii) and (iii) as technical

conditions that make the comparison map work. In the example we turn to shortly, they are
automatically satisfied, and only (i) needs to be imposed.

The comparison map

Once we’ve identified the finite part and the singular part of H1 with the Frobenius coinvariant and
invariant respectively, we just need a map that goes from the coinvariant to the invariant. There
is a general method to do that.

Let R be a ring, W ⊂ R an ideal, and W an R/M -module with endomorphism F . Assume that
there is a polynomial P (x) ∈ R[x] such that

(i) P (F ) = 0 on a lift of W (so also on W by reduction), and

(ii) P (1) ≡ 0 mod M , so that P (1) kills W .

Define

Q(x) =
P (x)− P (1)

x− 1
∈ (R/M)[x].

Then one can check that evaluating at F gives a well-defined map

Q(F ) : W/(F − 1)W → WF=1

of (R/M)-modules from F -coinvariants to F -invariants.
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Specializing to our case, we see that the characteristic polynomial Pℓ(x) of Fr−1
ℓ satisfies (i) by

Cayley-Hamilton and (ii) by condition (iii) of Kolyvagin prime. We define Qℓ(x) ∈ (O/MO)[x] by

Pℓ(x) ≡ (x− 1)Qℓ(x) mod M.

Evaluating Qℓ at Fr
−1
ℓ thus gives a map

H1
f (Fλ,WM )

≃
−→ WM/(Frℓ − 1)WM

φfs
ℓ−−→ WFrℓ=1

M
≃
−→ H1

s (Fλ,WM ).

Sanity check: sayWm ≃ O/M is one-dimensional and F acts by a ≡ 1 modM . Then P (x) = 1−ax,
and Q(x) = −a. So φfs is just nothing but multiplication by −a.

Example (mention the goal)

We will discuss an example of deriving a Kolyvagin system using a Euler system, and using the
Kolyvagin system to bound ideal class group. The reference for this part is Washington §15.3.

We still fix a rational odd prime p and a large power M of p. Let T = Zp(1), so WM ≃ µM . We
study the finite extension F = Q(ζf )

+/Q with (f, p) = 1. In this setup, conditions (ii) and (iii)
in the definition of a Kolyvagin prime is automatically satisfied, and we only need to stipulate (i).
Thus, L ∈ RF is a squarefree product of primes, each congruent to 1 mod fM . We denote by F (L)
the extension F (

∏

ℓ|L ζℓ).

For each L, pick a cyclotomic unit α(L) ∈ F (L)× satisfying two axioms:

(i) for any Kolyvagin prime ℓ ∤ L,

NmF (ℓL)/F (L)(α(ℓL)) = α(L)Frℓ−1,

where Frobℓ is the Frobenius in F (L)/Q;

(ii) α(ℓL) ≡ α(L) modulo all primes of F (ℓL) above ℓ.

This is the input of a Euler system data. As can be checked, a good such choice of α(L) is

α(L) =
∏

j

((1− ζjfζL)(1− ζ−j
f ζL))

aj .

For each ℓ | L, fix a generator σℓ of Gal(Q(ζℓ)/Q) (and extend it to Gal(F (ℓL)/F (L)) so that σℓ
is the identity on roots of unity prime to ℓ), and define operators

Dℓ =

ℓ−2
∑

j=0

jσj
ℓ and Nℓ =

ℓ−2
∑

j=0

σj
ℓ .

Then one can check that (σℓ− 1)Dℓ = (ℓ− 1)−Nℓ in the group ring Z[Gal(F (ℓL)/F (L))]. We also
define DL =

∏

ℓ|LDℓ. These are concrete manifestations of Kolyvagin’s derivative constructions,
which are used to get a Kolyvagin system from an Euler system.

Proposition (15.10). There exists elements κ(L) ∈ F× and βL ∈ F (L)× such that

DLα(L) = κ(L) · βM
L .

The Kummer map F×
։ F×/(F×)M ∼= H1(F, µM ) give a class κL = [κ(L)] ∈ H1(F, µM ).
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Claim. The class κL ∈ H1(F, µM ) obtained belongs to a Kolyvagin system.

Pick a prime w ∤ pL, so that H1
f (Fw, µM ) is characterized by those elements of

H1(Fw, µM ) ≃ F×
w /(F×

w )M

whose w-adic valuation is 0 modM . Now, sinceDLα(L) is a unit in F (L), we have (κ(L)) = (β−1
L )M

as ideals of F (L), so vw(κ(L)) = 0, so the first axiom of Kolyvagin system is satisfied.

To verify the second axiom, choose s ∈ F×
ℓ . Since ℓ ≡ 1 mod fM , the residue field of F at λ

(a prime over ℓ in F ) is Fℓ, so to record the “position” of κL in H1
f (Fλ, µM ), it suffices to say

κ(L) ≡ sa mod λ. The following proposition tells us the image of κL under the comparison map.

Proposition (15.12). Suppose κL ≡ sa mod λ. Then the λ-adic valuation of κℓL satisfies

vλ(κℓL) ≡ −a mod M.

In other words, at a new prime, the comparison map sends κL to an element κℓL which lies in
H1

s (Fλ, µM ), and whose “position” inside is expressed by a. The data of the exponent in the residue
field encodes the valuation data at a new prime. This is the manifestation of the comparison map
in a concrete setting.

Application: bounding class groups

To simplify further, we restrict our attention to F = Q(ζp)
+. Let A be the p-part of the class group

of F . Let M = p · |A+| · |(E/C)p|. Let χ be a nontrivial even character, and for simplicity let us
also assume εχA ≃ Z/ptZ is cyclic, generated by an ideal class [λ].

We shall also make our life easier by assuming L = 1. Chebotarev guarantees the existence of a
rational prime ℓ satisfying ℓ ≡ 1 mod M (i.e., a Kolyvagin prime) one of whose prime divisors is
λ. The following proposition tells us how a Kolyvagin system can be used to bound the order [λ]
in εχA, and thence the order of εχA itself.

Proposition (15.13). Suppose [λ] has order e in εχA. Suppose

(i) εχκ(ℓ) ∈ (F×)p
r
(with pr ≤ M and Mp−r · |A+| = 0), and

(ii) εχκ(1) ≡ sa mod λ, where pr
′

||a (and pr
′

< M).

Then r′ ≥ r and e | pr
′−r.

Sketch of proof. Using the comparison map, (ii) translates to vλ(κ(ℓ)) ≡ −a mod M . Now, since
κ(ℓ) is a global pr-th power by (i), after taking the pr-th root, we see that [λ] is killed by raising to
the −a/pr-th power in εχA.

Corollary. The order of the class group |εχA| is bounded by the order |(E/C)p|.

Proof. Simply pick κ(1) ∈ F× so that r′ = vp(|(E/C)p|).

Remark (On the Chebotarev argument). Three conditions are prescribed for such ℓ: λ | ℓ, ℓ ≡ 1
mod M , and arranging the Frobenius of ℓ acts on κ(1) in such a way that its image modulo λ has
exactly order a with pr

′

||a. The first condition translates to that the Frobenius of ℓ is in a specific
conjugacy class in Gal(H/F ) where H is the Hilbert class field of F ; the second condition translates
to the Frobenius of ℓ being trivial in Gal(Q(ζM )/Q) (since ℓ splits completely in Q(ζM )). So the
Frobenius of ℓ should land in a certain conjugacy class inside Gal(L/Q), where

L = H ·Q(ζM ) · F (κ(1)1/p
r′

).

Chebotarev applies since L/Q is finite.
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